An analytical modelling of symmetrical wrinkling is proposed : from original assumptions on displacements within the core, and from an energy minimisation method, it is possible to predict critical loads and buckling modes better than traditional models do, and to distinguish the influence of each structure component. Compression tests were carried out on sandwich structures to validate the model. A FE analysis has been achieved in parallel : a fine modelling allows finding results close to experimental ones.
INTRODUCTION
In the field of aeronautical engineering, composite sandwich structures are widespread. The use of foam core instead of Nida to stabilise skins present an economic benefit, but their weak mechanical characteristics poses the problem of local buckling. Thus, to design such structures, it is important to be able to evaluate the critical loads of buckling. Many theoretical studies were carried out for plane structures [1, 2, 3] but there are few experimental results and thus very few correlation.
First of all, an analytical study of the local buckling of skins on elastic soil is made. The use of new functions to represent the elastic foundations allows to analyse and to underscore the influence of the different components of the structure, and to improve the physical understanding of the phenomenon. This model is compared with FE calculations and other buckling models.
Compression tests were carried out on sandwich beams made of foam core and glass-epoxy skin. These tests give experimental results to validate the analytical model. A FE modelling is made to analyse the experiments. It shows the necessity of a precise representation of skin-foam interface to correlate buckling tests.
ANALYTICAL MODELLING
The study of symmetrical local buckling of sandwich beam is equivalent to the study of the instability of a skin on an elastic foundation (fig 1) . One of the first models developed is the simple Winkler type model, which considers the elastic foundation as a succession of springs. Linear transverse displacements in the core are represented, but not transverse shearing. The critical buckling load is then [2, 3] :
with the foundation stiffness
This model does not suit to the case of short wavelength buckling. It is possible to improve it by adding K xy springs to take into account shear stress, but the identification of stiffness becomes difficult [4] . Hoff and Mautner [1] , and then Allen [3] , worked on models with a continuous representation of the core. They used Airy functions to represent stress in the core. This leads to the classical, extensively used expression :
Allen determines Q and Q 1 in function of Poissons ratio in the core : 0.780 < Q < 0.794 and 0.200 < Q 1 < 0.333. Recently, in a study on local and global buckling coupling, Leotoing [5] proposed an original method based on displacements. He determines the equilibrium equations of the problem from the potential energy of the system, and from the virtual works principle. He linearises the equilibrium equations, which leads to an eigenvalues problem. The critical buckling load is :
More specific models can be mentioned, which take into account the orthotropy of the core [6] , or use Airy functions in the core, in forms of Fourier series [7] .
Most of these models do not give a precise representation of displacements within the core. Besides, these models do not allow to visualise the influence of the different structure components in the buckling phenomenon.
HYPOTHESES
The structure studied is a 2D model made of a plane skin on an elastic foundation ( fig 1) . A compressive load is applied on the skin. After buckling, the deformed skin is supposed to be sinusoidal. If l is the deformed skin wavelength, the transverse displacement of the skin is supposed to be :
To analyse displacements in the foam core, a FE calculation is achieved that allows to observe the shape of displacements (fig 1) . For short wavelengths in comparison to core thickness, perturbations are localised in a restricted area under skin. Therefore linear transverse displacements in the core are not satisfactory to represent reality. It is necessary to represent displacements by functions, which permit a high decrease versus y direction. In this study, we chose to consider either polynomial of order higher than 3, or piecewise polynomial. Besides, it might be important not to impose a null displacement in the x direction to avoid shear stiffening in the core. By consideration of symmetry on the infinite-length structure, it is possible to demonstrate the periodicity of displacements dv c and du c in the x direction. Besides, dv c and du c increase with dA, which allows to write the following hypothesis, with cinematically admissible conditions : 
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The simplified behaviour law used in the foam core is the following :
ENERGETIC APPROACH
Total potential energy of the structure is the sum of deformation energy and external energy. The calculation is done for a fixed wavelength (l) :
A stable equilibrium state corresponds to the minimum of the total potential energy :
Buckling happens when equilibrium becomes unstable : d 2 E T > 0. q i are the parameters of the system : q i = q i°+ dq i , where q i° are parameters at equilibrium, and dq i the perturbations around equilibrium. The transverse shearing of the skin is neglected. Elastic energy in the skin, the core, and external energy are expressed below [8] :
The total potential energy is written as a secondorder Taylor series. d 2 E T =0 leads to the following equation, according to the problem parameters :
ÞÞ
The critical load for a fixed wavelength is then :
Critical buckling load and deformation mode are calculated by minimisation of the load, in function of l..
CALCULATION OF SHAPE FUNC-TIONS IN THE CORE
The previous calculation is made for a fixed wavelength and fixed shape functions. The critical effort has to be minimal, therefore it is possible to determine polynomial coefficients of the shape function by minimisation of elastic energy in the core, for a given wavelength. A matrix formulation of the energy is used to simplify calculation. The energy is quadratic in function of the unknown coefficient vector. It allows to have a simple expression of the energy, and an expression of the vector that reaches the minimum [9] :
In any case, it is possible to express the displacements in the core with an analytical function. No restriction is given on materials : the core, in foam, can be either isotropic or orthotropic; and skin can be made of composite, the expression of bending energy being expressed according to bending stiffness I z .
(10)
COMPARISON WITH A FINITE ELE-MENT CALCULATION
To validate the modelling, a 2D linear buckling finite element analysis has been carried out. Skins are represented by beams, and core is represented by membrane elements (fig 1) . The load is applied through a rigid body, at the extremities of the model. The mesh must be fine so that a wavelength contains about ten elements, and the model must be long enough to neglect boundary conditions (length > 5l). Table 1 gives critical loads for several models, with different structure configurations. The reference configuration is the following: E c =50 MPa, E s =50000 MPa, h=20 mm, t=1 mm (thickness of skin), nu c =0.3, b=30 mm. The other configurations only present a variation of one of the parameter around the reference. Several shape functions are used to represent the core : linear, cubic, 2-piece cubic spline, and 2-piece cubic spline plus a 3-order polynomial, which takes into account the longitudinal displacement (x direction).
In the case of simple shape functions, it is possible to express the critical strength with an analytical function. It is the case of linear model, which permits obtain the expressions of load and wavelength given by Léotoing symmetrical buckling model (eq 2). In the other cases, the problem of minimisation can require a numerical resolution. Table 1 shows that linear model can lead to 100% errors. The hypothesis of linearity is only valid in a domain in which wavelengths are greater than thickness of the core (l>2.h). Even if it does not perfectly represent the field of displacements (fig 2) , the cubic model allows to have a good precision (5% in the studied domain). It is simple to use, and can easily be integrated in a software. The critical load is obtained by minimisation of the load in function of l : 
Buckling of foam stabilised composite Beams Analytical Modelling and Experiments
For small values of l/h, it is necessary to consider a more complex shape function : for example, a 2-piece cubic spline. The transverse displacements are then better estimated (fig 2) . Taking into account the longitudinal displacement in the core (du c ) permits to approach the shape of displacements given by FE analysis, and improve a little the critical load calculation.
INFLUENCE OF STRUCTURE COM-PONENTS
From the energetic approach, it is possible to determine precisely the influence of each structure components by analysing the energy stored in skin and core, in function of l. Fig. 3a shows the distribution of energies in the core, and the necessity to consider shear in the core for low wavelength. Fig. 3b shows the distribution of energies between skin and core, and their evolutions when E s increases. Energy in skin decreases when l increases. In the core, it is the opposite : if l is short, only a local region under the skin is concerned by the perturbation. When l increases, the perturbation spreads to a larger region, and the energy increases. An evolution of E s provokes an evolution of l and the critical effort in the same direction. The evolution of l is significant, whereas the variation of the effort can be small.
If the core thickness (h) is important, it is possible to show, with the 2-piece cubic spline model, that energy in core is linear with l. Stress in the skin is then thickness independent (for metallic, or through thickness homogeneous skins). But contrary to the classic model results (eq 1), when core thickness is small, the stress can vary strongly with the thickness of skin (fig 4) . Tests have been achieved on a traction-compression machine, with an adapted set-up to assure the applied compression load direction. During tests, displacement is imposed (0.5 mm/min). The applied load, the displacement, and deformations at the centre of each skin (gages) are recorded.
COMPARISON : TESTS -ANALYTICAL MODEL -FE MODEL-LING
The calculation of critical load with the analytical model while representing skin only by a glass and resin epoxy tissue gives rupture loads lower than experiments. Indeed, when skins are thin, the contribution of the rigidity of the resin interface between skin and foam core is non negligible, since it increases in a meaningful manner the bending rigidity. Microscope observations permit to estimate precisely resin interface thickness and global bending rigidity. Calculations are then achieved with a minimal and a maximal thickness. 
LIMITATIONS
The analytical model only takes into account symmetrical buckling. It is therefore necessary to verify that the buckling mode is not antisymmetric. Critical load would then be lower. The rigidity of skin is a dominant factor in the calculation of the buckling. For thin skins, it is therefore important to estimate resin interface influence. The analytical model does not take into account structure length and boundary conditions. To estimate this influence, FE calculations have been achieved with different length. With the shortest structures, buckling happens for 5 to 10 % superior loads.
CONCLUSIONS
The analytical model based on an energetic method and original shape functions permits better estimations of the buckling loads and deformations in the core that classic models, even for short wavelengths (l<h). The model can be used with composite skins. It permits to visualise the influence of the different components of the structure. Finite element calculations and tests allows to validate the model, and to underscore the necessity of taking into account the core/skin resin interface to have a valid estimation of buckling loads. The model presents some limitations : the boundary conditions are not taken into account in the analytical model. Critical loads calculated with the model might be underestimated for configurations where the structure length is high (L>5l). It is however interesting to notice that in any case, results are conservative.
